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Abstract: 

The purpose of this paper is to prove some properties ( i.e. associative, distributive ) of Fuzzy Soft 

Sets and Intuitionistic Fuzzy Soft Sets with respect to extended union, extended intersection and 

restricted union, restricted intersection over the common universe. These properties are verified by 

appropriate examples.  
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1  Introduction: 

Most of the recent mathematical methods meant for formal modelling,reasoning and computing 

are crisp, accurate and deterministic in nature. But in ground reality, crisp data is not always the 

part and parcel of the problems encountered in different fields like economics, engineering, social 

science, medical science, environment etc. As a consequence various theories viz. theory of 

probability, theory of fuzzy sets [2,7], theory of intuitionistic fuzzy sets [11,12], theory of vague 

sets [14], theory of interval mathematics [12,13], theory of rough sets [6] have been evolved in 

process. But difficulties present in all these theories have been shown by Molodtsov in [5]. The 

cause of these problems is possibly related to the inadequacy of the parametrization tool of the 

theories. As a result Molodtsov started the concept of soft theory [3,5,10,18] as a new 

mathematical tool for solving the uncertainties which is free from the above difficulties. Presence 

of vagueness demanded Fuzzy Soft Set [1,3,15] to come into picture. But satisfactory evaluation of 

membership values is not always possible because of the insufficiency in the available information 

( besides the presence of vagueness ) situation. Evaluation of non-membership values is also not 

always possible for the same reason and as a result there exist an indeterministic part upon which 

hesitation survives. Certainly fuzzy soft set theory is not suitable to solve such problems. In those 

situations Intuitionistic Fuzzy Soft Set theory [16,17] may be more applicable. In our previous 

paper[19] we have given some new operations in FSS and IFSS Theory and proved that certain De 

Morgan's laws hold in FSS theory, as well as IFSS theory with respect to these new operations.In 

the present paper we establish some properties ( associative, distributive ) of FSS and IFSS with 

respect to these new operations. 

 

2   Preliminaries: 

We recall the definitions of Soft Set, Fuzzy Soft Set and Intuitionistic Fuzzy Soft Set with 

examples. Then we call back to mind, the extended, restricted union and the extended, restricted 

intersection property of Soft sets (or, FSS, or, IFSS) over the common universe. 

 

2.1   Soft Sets: [18].  

Let U be an initial universe set and E be a set of parameters. Let P(U) denotes the power set of U. 

Let EA . A pair (F,A) is called a soft set over U, where F is a mapping given by, F : )(UPA  
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In other words, a soft set over U is a parameterized family of subsets of the universe U. 

2.11 Example:  
Let U be the set of four dresses, given by, 

U = },,,{ 4321 dddd  

Let E be the set of parameters, given by, 

E = },,,,{ gorgeousbeautifulecomfortablcheapcostly  

Let EA , given by,  

A = },,,{=},,,{ 4321 eeeebeautifulecomfortablcheapcostly  where 

1e  stands for the parameter  costly, 

2e  stands for the parameter  cheap, 

3e  stands for the parameter  comfortable, 

4e  stands for the parameter  beautiful. 

Now suppose that,F is a mapping, defined as  dresses(.) and given by, 

F( },,{=) 421 dde  

F( },,{=) 312 dde  

F( },,{=) 323 dde  

F( }{=) 44 de . 

Then the Soft Set  

 },,{={=),( 42 dddressescostlyAF  

 },,{= 31 dddressescheap  

 },,{= 32 dddressesecomfortabl  

 }}{= 4ddressesbeautiful  

 

 

2.2   Fuzzy Soft Sets: [1].  

 

Let U be an initial universe set and E be a set of parameters(which are fuzzy words or sentences 

involving fuzzy words). Let P(U) denotes the set of all fuzzy sets of U. Let EA . A pair ),
~

( AF  

is called a fuzzy soft set (FSS) over U, where F
~

 is a mapping given by, )(:
~

UPAF . 

  2.21. Example:  

Let U be the set of four cities, given by, U = },,,{ 4321 CCCC . Let E be the set of parameters 

( each parameter is a fuzzy word ), given by, 

E = },,,,{ lessaveragemoderatelyimmenselyhighly  

Let EA , given by,  

A = },,,{=},,,{ 4321 eeeelessmoderatelyimmenselyhighly  where 

1e  stands for the parameter  highly, 

2e  stands for the parameter  immensely, 

3e  stands for the parameter  moderately, 

4e  stands for the parameter  less. 
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Now suppose that, 

/.6},/.4,/.9,/.2,{=)(
~

43211 CCCCeF  

/.4},/.3,/1,{=)(
~

4322 CCCeF  

/.8},/.4,/.3,{=)(
~

3213 CCCeF  

/.3}/.5,/.1,/.9,{=)(
~

43214 CCCCeF  

Then the Fuzzy Soft Set  

 /.6},/.4,/.9,/.2,{={=),
~

( 4321 CCCCcitypollutedhighlyAF  

 /.4},/.3,/1,{= 432 CCCcitypollutedimmensely  

 /.8},/.4,/.3,{= 321 CCCcitypollutedmoderately  

 /.3}}/.5,/.1,/.9,{= 4321 CCCCcitypollutedless  

 

 

2.3  Intuitionistic Fuzzy Soft Sets: [17]. 
 

Let U be an initial universe set and E be a set of parameters. Let P(U) denotes the set of all 

intuitionistic fuzzy sets of U. Let EA . A pair ),ˆ( AF  is called an intuitionistic fuzzy soft set( 

IFSS ) over U, where F̂  is a mapping given by, )(:ˆ UPAF . 

  2.31. Example:  

Let U be the set of four cities, given by, U = },,,{ 4321 CCCC . Let E be the set of parameters 

( each parameter is a intuitionistic fuzzy word ), given by, 

E = },,,,{ lessaveragemoderatelyimmenselyhighly . 

Let EA , given by, 

A = },,,{ lessmoderatelyimmenselyhighly  

= },,,{ 4321 eeee  

where 1e  stands for the parameter  highly, 

2e  stands for the parameter  immensely, 

3e  stands for the parameter  moderately, 

4e  stands for the parameter  less. 

Now suppose that, 

/(.6,.3)},/(.4,.2),/(.8,.1),/(.2,.7),{=)(ˆ 43211 CCCCeF  

/(.4,.6)},/(.3,.6),/(.9,.1),{=)(ˆ 4322 CCCeF  

/(.8,.1)},/(.4,.6),/(.3,.5),{=)(ˆ 3213 CCCeF  

/(.3,.5)}/(.5,.4),/(.1,.8),/(.9,.1),{=)(ˆ 43214 CCCCeF  

Then the Intuitionistic Fuzzy Soft Set  

 /(.6,.3)},/(.4,.2),/(.8,.1),/(.2,.7),{={=),ˆ( 4321 CCCCcitypollutedhighlyAF  

 /(.4,.6)},/(.3,.6),/(.9,.1),{= 432 CCCcitypollutedimmensely  

 /(.8,.1)},/(.4,.6),/(.3,.5),{= 321 CCCcitypollutedmoderately  
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 /(.3,.5)}}/(.5,.4),/(.1,.8),/(.9,.1),{= 4321 CCCCcitypollutedless  

 

Now we recall some properties of FSS and IFSS. 

 

2.4   Extended Union of two FSS ( or, IFSS ): [19]  

 

The extended union of two fuzzy soft sets ),
~

( AF  and ),
~

( BG  over a common universe U 

is the FSS ),
~

( CH , where C = BA  and Ce , 

BAeifeGeF

ABeifeG

BAeifeF

eH

),(
~~)(

~
)(),(

~
)(),(

~

=)(
~

 

 

We write, 

),
~

(=)),
~

(~),
~

(( CHBGAF E
[for FSS] and 

),ˆ(=)),ˆ(ˆ),ˆ(( CHBGAF E
[for IFSS] 

 

2.5   Restricted Union of two FSS ( or, IFSS ):[19]  

 

Let ),
~

( AF  and ),
~

( BG  be two fuzzy soft sets over a common universe U such that 

BA  ( null set ). The restricted union of ),
~

( AF  and ),
~

( BG  is denoted by 

)),
~

(~),
~

(( BGAF R
 [or, )),ˆ(ˆ),ˆ(( BGAF R

 for IFSS ] and is defined as, 

),
~

(=)),
~

(~),
~

(( CHBGAF R
, where C = BA  and  

)(
~~)(

~
=)(

~
, cGcFcHCc  [where ~  is the operation  fuzzy union of two fuzzy sets.] 

 

2.6   Extended Intersection of two FSS ( or, IFSS ): [19] 

 

The extended intersection of two fuzzy soft sets ),
~

( AF  and ),
~

( BG  over a common 

universe U is the FSS ),
~

( CH , where C = BA  and Ce , 

BAeifeGeF

ABeifeG

BAeifeF

eH

),(
~~)(

~
)(),(

~
)(),(

~

=)(
~

 

 

We write, 

),
~

(=)),
~

(~),
~

(( CHBGAF E
[for FSS] and 

),ˆ(=)),ˆ(ˆ),ˆ(( CHBGAF E [for IFSS] 

 

2.7   Restricted Intersection of two FSS ( or, IFSS ):[19]  
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Let ),
~

( AF  and ),
~

( BG  be two fuzzy soft sets over a common universe U such that 

BA  ( null set ). The restricted intersection of ),
~

( AF  and ),
~

( BG  is denoted by 

)),
~

(~),
~

(( BGAF R
[ or, )),ˆ(ˆ),ˆ(( BGAF R

 for IFSS] and is defined as, 

),
~

(=)),
~

(~),
~

(( CHBGAF R
, where C = BA  and  

)(
~~)(

~
=)(

~
, cGcFcHCc  [where ~  is the operation  fuzzy intersection of two fuzzy 

sets.] 

   Properties: 
Throughout this paper U refers to an initial universe, P( U ) is the power set of U. A, B, C 

are sets of parameters. ]ˆ,[~ or  denotes the operation  fuzzy intersection[or, intuitionistic fuzzy 

intersection] and ]ˆ,[~ or  denotes the operation  fuzzy union[or, intuitionistic fuzzy union]. 

 

 

3   Associative Property of Fuzzy Soft Sets and Intuitionistic Fuzzy Soft Sets 

w.r.t. extended union over the same universe: 

 

Let ),
~

( AF , ),
~

( BG , ),
~

( CH  are three FSS ( or, IFSS ). Then we have to prove,  

),
~

(~)),
~

(~),
~

((=)),
~

(~),
~

((~),
~

( CHBGAFCHBGAF EEEE
 

Proof: 

 

 

CBeifeHeG

BCeifeH

CBeifeG

eOandCBDwhereDOAFSHL E

),(
~~)(

~
)(),(

~
)(),(

~

=)(
~

=),
~

(~),
~

(=..  

 ),
~

(= EL  

 

where E = )(= CBADA  and 

)(.,),(~)(
~

)()(.,)(),(
~

)()(.,)(),(
~

=)(
~

CBAeifieDAeifeOeF

ACABeifieADeifeO

CABAeifieCBAeifeF

eL  

ie., 

CBAeifeHeGeF

BCBAeifeHeF

CACBeifeGeF

ACABeifeHeG

ACBCeifeH

ABCBeifeG

CABAeifeF

eL

)),(
~~)(

~
(~)(

~
)()(),(

~~)(
~

)()(),(
~~)(

~
)()(),(

~~)(
~

)()(),(
~

)()(),(
~

)()(),(
~

=)(
~
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 ),
~

(~)),
~

(~),
~

((=.. CHBGAFSHR EE
 

 ]

),(
~~)(

~
)(),(

~
)(),(

~

=)(
~

=)[,
~

(~),
~

(=

BAeifeGeF

ABeifeG

BAeifeF

eIandBAKwhereCHKI E  

 )(=)(==),
~

(= CBACBACKMwhereMJ  

 andsetscrispofpropertyeassociativtheby ][  

 

CBAeifieCKeifeHeI

BCACeifieKCeifeH

CBCAeifieCKeifeI

eJ

)(.,,),(
~~)(

~
)()(.,),(),(

~
)()(.,),(),(

~

=)(
~

 

ie., 

)(

)),(
~~)(

~
(~)(

~
)(

~~))(
~~)(

~
(

)()(),(
~~)(

~
)()(),(

~~)(
~

)()(),(
~

)()(),(
~~)(

~
)()(),(

~
)()(),(

~

=)(
~

setsfuzzyofpropertyeassociativby

CBAeifeHeGeFieeHeGeF

ACABeifeHeG

BCBAeifeHeF

BCACeifeH

CBCAeifeGeF

CBABeifeG

CABAeifeF

eJ  

Now ),
~

( EL  and ),
~

( MJ  are two fuzzy soft sets (or, intuitionistic fuzzy soft set) over the 

common universe, where 

i) ME  and  

ii) )(
~

, eLEe  is a fuzzy subset (or, IF subset) of )(
~

eJ . 

),
~

( EL  is a fuzzy soft subset (or, intuitionistic fuzzy soft subset) of ).,
~

( MJ             

(1) 

Again, i) EM  and 

ii) )(
~

, eJMe  is a fuzzy subset ( or, IF subset ) of )(
~

eL  

),
~

( MJ  is a fuzzy soft subset ( or IF soft subset ) of ).,
~

( EL             (2) 

Combining (1) and (2),we can conclude that, ),
~

( EL  and ),
~

( MJ  are equal FSS ( or, IFSS 

) over the common universe. Hence proved. 

  Verification of this property by examples: 

  3.1 Example for FSS 

Let U be the set of four factories, say, U = },,,{ 4321 FFFF . Let A,B,C be three sets of 

parameters, given by, 

A = },{ poorgood  
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B = },{ goodassured  

C = },,{ poorgoodassured  

Now let ),
~

( AF  denotes  work culture of the factory, 

),
~

( BG  denotes  production of the factory,  

),
~

( CH  denotes  quality of the products of the factory 

given by, 

F
~

( good ) = /.4}/.5,/.2,/.8,{ 4321 FFFF  

F
~

( poor ) = /.6}/.4,/.7,/.2,{ 4321 FFFF  

G
~

( assured ) = /.5}/.6,/.3,/.9,{ 4321 FFFF  

G
~

( good ) = /.5}/.4,/.2,/.7,{ 4321 FFFF  

H
~

( assured ) = /.4}/.4,/.3,/.8,{ 4321 FFFF  

H
~

( good ) = /.4}/.4,/.3,/.8,{ 4321 FFFF  

H
~

( poor ) = /.6}/.3,/.6,/.1,{ 4321 FFFF  

Now consider,  

 )),
~

(~),
~

((~),
~

( CHBGAF EE
 

 },,{==)[,
~

(~),
~

(= poorgoodassuredCBDwhereDOAF E
 

 /.5},/.6,/.3,/.9,{=)(
~

4321 FFFFassuredOand  

 /.5}/.4,/.3,/.8,{=)(
~

4321 FFFFgoodO  

 /.6}]/.3,/.6,/.1,{=)(
~

4321 FFFFpoorO  

 },,{==),
~

(= poorgoodassuredDAEwhereEL  

 /.5},/.6,/.3,/.9,{=)(
~

4321 FFFFassuredLand  

 /.5},/.5,/.3,/.8,{=)(
~

4321 FFFFgoodL  

 /.6}/.4,/.7,/.2,{=)(
~

4321 FFFFpoorL  

 

Next consider,  

 ),
~

(~)),
~

(~),
~

(( CHBGAF EE
 

 },,{==)[,
~

(~),
~

(= poorgoodassuredBAKwhereCHKI E
 

 /.5},/.6,/.3,/.9,{=)(
~

4321 FFFFassuredIand  

 /.5},/.5,/.2,/.8,{=)(
~

4321 FFFFgoodI  

 /.6}]/.4,/.7,/.2,{=)(
~

4321 FFFFpoorI  

 },,{==)[,
~

(= poorgoodassuredCKMwhereMJ  

 /.5}/.6,/.3,/.9,{=)(
~

4321 FFFFassuredJand  

 /.5}/.5,/.3,/.8,{=)(
~

4321 FFFFgoodJ  

 /.6}]/.4,/.7,/.2,{=)(
~

4321 FFFFpoorJ  
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Here ),
~

( EL  and ),
~

( MJ  are two FSS which satisfy the following properties, 

i) ME and 

ii) )(
~

, eLEe  is a fuzzy subset of )(
~

eJ . 

),
~

(~),
~

( MJEL             (3) 

Similarly, ),
~

(~),
~

( ELMJ             (4) 

Combining (3) and (4) we have, ),
~

( EL  and ),
~

( MJ  are fuzzy soft equal. Hence the 

associative property of FSS w.r.t extended union over the common universe is verified by this 

example. 

  3.2 Example for IFSS. 

Let U be the set of four cities, say, U = },,,{ 4321 CCCC . Let A, B, C be three sets of 

parameters,given by, 

A = },,{ lowaveragehuge  

B = },{ averagelarge  

C = },{ averagehuge  

Now let ),ˆ( AF  denotes  population of the cities, 

),ˆ( BG  denotes  area of the cities, 

( ),ˆ CH  denotes  pollution in the cities  

given by, 

F̂ ( huge ) = /(.6,.2)}/(1,0),/(.3,.5),/(.8,.1),{ 4321 CCCC   

F̂ ( average ) = /(.4,.2)}/(.2,.4),/(.8,.2),/(.6,.3),{ 4321 CCCC   

F̂ ( low ) = /(.4,.3)}/(0,1),/(.7,.2),/(.2,.6),{ 4321 CCCC  

Ĝ ( large ) = /(.5,.2)}/(.9,.1),/(.8,.1),/(.4,.3),{ 4321 CCCC  

Ĝ ( average ) = /(.6,.3)}/(.1,.5),/(.5,.3),/(.7,.2),{ 4321 CCCC  

Ĥ ( huge ) = /(.5,.3)}/(.8,.1),/(.4,.3),/(.7,.1),{ 4321 CCCC  

Ĥ ( average ) = /(.5,.4)}/(.3,.6),/(.7,.2),/(.6,.2),{ 4321 CCCC  

Now consider,  

 )),ˆ(ˆ),ˆ((ˆ),ˆ( CHBGAF EE
 

 },,{==)[,ˆ(ˆ),ˆ(= hugeaveragelargeCBDwhereDOAF E
 

 /(.5,.2)},/(.9,.1),/(.8,.1),/(.4,.3),{=)(ˆ 4321 CCCClargeOand  

 /(.6,.3)},/(.3,.5),/(.7,.2),/(.7,.2),{=)(ˆ 4321 CCCCaverageO  

 /(.5,.3)}]/(.8,.1),/(.4,.3),/(.7,.1),{=)(ˆ 4321 CCCChugeO  

 },,,{=)(==)[,ˆ(= largelowaveragehugeCBADAEwhereEL  

 /(.6,.2)}/(1,0),/(.4,.3),/(.8,.1),{=)(ˆ 4321 CCCChugeLand  

 /(.6,.2)}/(.3,.4),/(.8,.2),/(.7,.2),{=)(ˆ 4321 CCCCaverageL  

 /(.4,.3)}]/(0,1),/(.7,.2),/(.2,.6),{=)(ˆ 4321 CCCClowL  
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 /(.5,.2)}]/(.9,.1),/(.8,.1),/(.4,.3),{=)(ˆ 4321 CCCClargeL  

 

Next consider,  

 ),ˆ(ˆ)),ˆ(ˆ),ˆ(( CHBGAF EE
 

 },,{==)[,ˆ(ˆ),ˆ(= lowaveragehugeBAKwhereCHKI E
 

 /(.6,.2)}/(1,0),/(.3,.5),/(.8,.1),{=)(ˆ 4321 CCCChugeIand  

 /(.6,.2)}/(.2,.4),/(.8,.2),/(.7,.2),{=)(ˆ 4321 CCCCaverageI  

 /(.4,.3)}/(0,1),/(.7,.2),/(.2,.6),{=)(ˆ 4321 CCCClowI  

 /(.5,.2)}/(.9,.1),/(.8,.1),/(.4,.3),{=)(ˆ 4321 CCCClargeI  

 },,{=)(==)[,ˆ(= lowaveragehugeCBACKMwhereMJ  

 /(.6,.2)}/(1,0),/(.4,.3),/(.8,.1),{=)(ˆ 4321 CCCChugeJand  

 /(.6,.2)}/(.3,.4),/(.8,.2),/(.7,.2),{=)(ˆ 4321 CCCCaverageJ  

 /(.4,.3)}]/(0,1),/(.7,.2),/(.2,.6),{=)(ˆ 4321 CCCClowJ  

 /(.5,.2)}/(.9,.1),/(.8,.1),/(.4,.3),{=)(ˆ 4321 CCCClargeJ  

 

Here ),ˆ( EL  and ),ˆ( MJ  are two IFSS over the common universe where 

i) ME  

ii) )(ˆ, eLEe  is a intuitionistic fuzzy subset of )(ˆ eJ .            (5)  

 ]~[ subsetsoftfuzzysticintuitionidenotes  

Similarly, ),ˆ(~),ˆ( ELMJ             (6) 

Combining (5) and (6) we conclude that, ),ˆ( EL  and ),ˆ( MJ  are IFS equal. Hence the 

associative property of IFSS w.r.t extended union over the common universe is verified by this 

example. 

 

 

4   Associative Property of Fuzzy Soft Sets and Intuitionistic Fuzzy Soft Sets 

w.r.t. restricted union over the same universe: 

 

Let ),
~

( AF , ),
~

( BG , ),
~

( CH  are three FSS ( or, IFSS ). Then we have to prove,  

),
~

(~)),
~

(~),
~

((=)),
~

(~),
~

((~),
~

( CHBGAFCHBGAF RRRR  

Proof: 

 

 ,=)[,
~

(~),
~

(=.. DdandCBDwhereDOAFSHL R
 

 .)]~)((
~~)(

~
=)(

~
setsfuzzytwoofunionfuzzyoperationtheiswheredHdGdO  

 ),
~

(= EL  
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where E = )(= CBADA  and )( CBAe  

 

 )(~)(
~

=)(
~

eOeFeL  

 ))(
~~)(

~
(~)(

~
= eHeGeF  

 

 

 ),
~

(~)),
~

(~),
~

((=.. CHBGAFSHR RR
 

 BAeeGeFeIandBAKwhereCHKI R )(
~~)(

~
=)(=)[,

~
(~),

~
(=  

 )(=)(==),
~

(= CBACBACKMwhereMJ  

 ][ setscrispofpropertyeassociativtheby  

 and )( CBAe  

 

 )(~)(
~

=)(
~

eHeIeJ  

 )(
~~))(

~~)(
~

(= eHeGeF  

 ))(
~~)(

~
(~)(

~
= eHeGeF  

 ]),([ setsfuzzysticintuitioniorsetsfuzzyofpropertyeassociativtheby  

 

Now ),
~

( EL  and ),
~

( MJ  are two fuzzy soft sets (or, intuitionistic fuzzy soft set) over the 

common universe,where 

i) ME  and  

ii) )(
~

, eLEe  is a fuzzy subset (or, IF subset) of )(
~

eJ . 

),
~

( EL  is a fuzzy soft subset (or, intuitionistic fuzzy soft subset) of ).,
~

( MJ             

(7) 

Again, ( i) EM  and 

(ii) )(
~

, eJMe  is a fuzzy subset ( or, IF subset ) of )(
~

eL . 

),
~

( MJ  is a fuzzy soft subset ( or IF soft subset ) of ),
~

( EL .           (8) 

Combining (7) and (8),we can conclude that, ),
~

( EL  and ),
~

( MJ  are equal FSS ( or, IFSS 

) over the common universe. Hence proved. 

  4.1 Example for FSS 
Consider example 3.1. Now  

 )),
~

(~),
~

((~),
~

( CHBGAF RR
 

 },{==)[,
~

(~),
~

(= goodassuredCBDwhereDOAF R
 

 /.5},/.6,/.3,/.9,{=)(
~

4321 FFFFassuredOand  

 /.5}/.4,/.3,/.8,{=)(
~

4321 FFFFgoodO  

 }{==),
~

(= goodDAEwhereEL  

 /.5}/.5,/.3,/.8,{=)(
~

4321 FFFFgoodLand  

 

Next  
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 ),
~

(~)),
~

(~),
~

(( CHBGAF RR
 

 }{==)[,
~

(~),
~

(= goodBAKwhereCHKI R
 

 /.5},/.5,/.2,/.8,{=)(
~

4321 FFFFgoodIand  

 }{==)[,
~

(= goodCKMwhereMJ  

 /.5}]/.5,/.3,/.8,{=)(
~

4321 FFFFgoodJand  

 

Here ),
~

( EL  and ),
~

( MJ  are two FSS which satisfy the following properties, 

i) ME and 

ii) )(
~

, eLEe  is a fuzzy subset of )(
~

eJ . 

),
~

(~),
~

( MJEL             (9) 

Similarly, ),
~

(~),
~

( ELMJ             (10) 

Combining (9) and (10) we have, ),
~

( EL  and ),
~

( MJ  are fuzzy soft equal. Hence the 

associative property of FSS w.r.t restricted union over the common universe is verified by this 

example. 

  4.2 Example for IFSS 
Consider Example 3.2. Now  

 )),ˆ(ˆ),ˆ((ˆ),ˆ( CHBGAF RR
 

 }{==)[,ˆ(ˆ),ˆ(= hugeCBDwhereDOAF R
 

 /(.5,.3)}]/(.8,.1),/(.4,.3),/(.7,.1),{=)(ˆ 4321 CCCChugeOand  

 }{=)(==)[,ˆ(= hugeCBADAEwhereEL  

 /(.6,.2)}]/(1,0),/(.4,.3),/(.8,.1),{=)(ˆ 4321 CCCChugeLand  

 

Next  

 ),ˆ(ˆ)),ˆ(ˆ),ˆ(( CHBGAF RR
 

 },{==)[,ˆ(ˆ),ˆ(= averagehugeBAKwhereCHKI R
 

 /(.6,.2)}/(1,0),/(.3,.5),/(.8,.1),{=)(ˆ 4321 CCCChugeIand  

 /(.6,.2)}]/(.2,.4),/(.8,.2),/(.7,.2),{=)(ˆ 4321 CCCCaverageI  

 }{=)(==)[,ˆ(= hugeCBACKMwhereMJ  

 /(.6,.2)}]/(1,0),/(.4,.3),/(.8,.1),{=)(ˆ 4321 CCCChugeJand  

 

Here ),ˆ( EL  and ),ˆ( MJ  are two IFSS over the common universe where 

i) ME  

ii) )(ˆ, eLEe  is a intuitionistic fuzzy subset of )(ˆ eJ . 

),ˆ(~),ˆ( MJEL            (11) 

[ ~  denotes intuitionistic fuzzy soft subset] 

Similarly, ),ˆ(~),ˆ( ELMJ             (12) 
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Combining (11) and (12) we conclude that, ),ˆ( EL  and ),ˆ( MJ  are IFS equal. Hence the 

associative property of IFSS w.r.t restricted union over the common universe is verified by this 

example. 

 

 

5   Associative property of FSS ( or, IFSS ) w.r.t extended intersection over 

the common universe: 

 

Let ( F, A), (G, B), (H, C) are three FSS ( or, IFSS ). Then we have to prove, 

))),(~),((~),( CHBGAF EE  = ),(~)),(~),(( CHBGAF EE  

Proof: 

 

 )),(~),((~),(=.. CHBGAFSHL EE  

 

CBeifeHeG

BCeifeH

CBeifeG

eOandCBDwhereDOAF E

),(
~~)(

~
)(),(

~
)(),(

~

=)(
~

=)[,(~),(=  

 .)]~( setsfuzzytwoofonintersectifuzzyoperationtheiswhere  

 ),
~

(= EL  

 

where CBACBADAE )(=)(==  [by associative property of crisp set] and 

)(.,),(~)(
~

)()(.,)(),(
~

)()(.,)(),(
~

=)(
~

CBAeifieDAeifeOeF

ACABeifieADeifeO

CABAeifieCBAeifeF

eL  

ie., 

CBAeifeHeGeF

BCBAeifeHeF

CACBeifeGeF

ACABeifeHeG

ACBCeifeH

ABCBeifeG

CABAeifeF

eL

)),(
~~)(

~
(~)(

~
)()(),(

~~)(
~

)()(),(
~~)(

~
)()(),(

~~)(
~

)()(),(
~

)()(),(
~

)()(),(
~

=)(
~

 

 

 ),
~

(~)),
~

(~),
~

((=... CHBGAFSHR EE
 

 ]

),(
~~)(

~
)(),(

~
)(),(

~

=)(
~

=)[,
~

(~),
~

(=

BAeifeGeF

ABeifeG

BAeifeF

eIandBAKwhereCHKI E  
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 andCBACKMwhereMJ )(==),
~

(=  

 

CBAeifieCKeifeHeI

BCACeifieKCeifeH

CBCAeifieCKeifeI

eJ

)(.,,),(
~~)(

~
)()(.,),(),(

~
)()(.,),(),(

~

=)(
~

  

ie., 

CBAeifeHeGeFieeHeGeF

ACABeifeHeG

BCBAeifeHeF

BCACeifeH

CBCAeifeGeF

CBABeifeG

CABAeifeF

eJ

))(
~~)(

~
(~)(

~
.,)(

~~))(
~~)(

~
(

)()(),(
~~)(

~
)()(),(

~~)(
~

)()(),(
~

)()(),(
~~)(

~
)()(),(

~
)()(),(

~

=)(
~

 

[by associative property of fuzzy sets( or intuitionistic fuzzy sets).] 

Now ),
~

( EL  and ),
~

( MJ  are two fuzzy soft sets (or, intuitionistic fuzzy soft set) over the 

common universe, where 

i) ME  and  

ii) )(
~

, eLEe  is a fuzzy subset (or, IF subset) of )(
~

eJ . ),
~

( EL  is a fuzzy soft subset 

(or, intuitionistic fuzzy soft subset) of ).,
~

( MJ             (13) 

Again, 

i) EM  and 

ii) )(
~

, eJMe  is a fuzzy subset ( or, IF subset ) of )(
~

eL  

),
~

( MJ  is a fuzzy soft subset ( or IF soft subset ) of ).,
~

( EL             (14) 

Combining (13) and (14),we can conclude that, ),
~

( EL  and ),
~

( MJ  are equal FSS ( or, 

IFSS ) over the common universe. Hence proved. 

 

5.1   Verification of this property by an example ( for FSS ): 

 Let U be the set of four ponds,say, U = },,,{ 4321 PPPP . 

Let A, B, C be three sets of parameters, given by, 

A = },{ averagehuge  

B = },,{ pooraveragehuge  

C = },{ pooraverage   

Now let (F,A) denotes  Area of the ponds, 

(G,B) denotes  Amount of water in the ponds, 

(H,C) denotes  Commercial benefit from the ponds  

given by, 

F( huge ) = /.4}/.5,/.2,/.8,{ 4321 PPPP  

F( average ) = /.7}/.9,/.2,/.3,{ 4321 PPPP  

G( huge ) = /.5}/.4,/.1,/.7,{ 4321 PPPP  

G( average ) = /.6}/.8,/.3,/.4,{ 4321 PPPP  
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G( poor ) = /.4}/.8,/.6,/.2,{ 4321 PPPP  

H( average ) = /.7}/.7,/.3,/.2,{ 4321 PPPP  

H( poor ) = /.5}/.8,/.7,/.3,{ 4321 PPPP  

Now consider,  

 )),
~

(~),
~

((~),
~

( CHBGAF EE
 

 },,{==)[,
~

(~),
~

(= pooraveragehugeCBDwhereDOAF E
 

 /.5},/.4,/.1,/.7,{=)(
~

4321 PPPPhugeOand  

 /.6}/.7,/.3,/.2,{=)(
~

4321 PPPPaverageO  

 /.4}]/.8,/.6,/.2,{=)(
~

4321 PPPPpoorO  

 },,{==),
~

(= pooraveragehugeDAEwhereEL  

 /.4},/.4,/.1,/.7,{=)(
~

4321 PPPPhugeLand  

 /.6},/.7,/.2,/.2,{=)(
~

4321 PPPPaverageL  

 /.4}/.8,/.6,/.2,{=)(
~

4321 PPPPpoorL  

 

Next consider,  

 ),
~

(~)),
~

(~),
~

(( CHBGAF EE
 

 },,{==)[,
~

(~),
~

(= pooraveragehugeBAKwhereCHKI E
 

 /.4},/.4,/.1,/.7,{=)(
~

4321 PPPPhugeIand  

 /.6},/.8,/.2,/.3,{=)(
~

4321 PPPPaverageI  

 /.4}]/.8,/.6,/.2,{=)(
~

4321 PPPPpoorI  

 },,{==)[,
~

(= pooraveragehugeCKMwhereMJ  

 /.4}/.4,/.1,/.7,{=)(
~

4321 PPPPhugeJand  

 /.6}/.7,/.2,/.2,{=)(
~

4321 PPPPaverageJ  

 /.4}]/.8,/.6,/.2,{=)(
~

4321 PPPPpoorJ  

 

Here ),
~

( EL  and ),
~

( MJ  are two FSS which satisfy the following properties, 

i) ME and 

ii) )(
~

, eLEe  is a fuzzy subset of )(
~

eJ . 

),
~

(~),
~

( MJEL             (15) 

Similarly, ),
~

(~),
~

( ELMJ             (16) 

Combining (15) and (16) we have, ),
~

( EL  and ),
~

( MJ  are fuzzy soft equal. Hence the 

associative property of FSS w.r.t extended intersection over the common universe is verified by 

this example. 

 

5.2   Verification of this property by an example ( for IFSS ): 
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Consider example 3.2. 

F̂ ( huge ) = /(.6,.2)}/(1,0),/(.3,.5),/(.8,.1),{ 4321 CCCC   

F̂ ( average ) = /(.4,.2)}/(.2,.4),/(.8,.2),/(.6,.3),{ 4321 CCCC   

F̂ ( low ) = /(.4,.3)}/(0,1),/(.7,.2),/(.2,.6),{ 4321 CCCC  

Ĝ ( large ) = /(.5,.2)}/(.9,.1),/(.8,.1),/(.4,.3),{ 4321 CCCC  

Ĝ ( average ) = /(.6,.3)}/(.1,.5),/(.5,.3),/(.7,.2),{ 4321 CCCC  

Ĥ ( huge ) = /(.5,.3)}/(.8,.1),/(.4,.3),/(.7,.1),{ 4321 CCCC  

Ĥ ( average ) = /(.5,.4)}/(.3,.6),/(.7,.2),/(.6,.2),{ 4321 CCCC  

Now consider,  

 )),ˆ(ˆ),ˆ((ˆ),ˆ( CHBGAF EE
 

 },,{==)[,ˆ(ˆ),ˆ(= hugeaveragelargeCBDwhereDOAF E
 

 /(.5,.2)}/(.9,.1),/(.8,.1),/(.4,.3),{=(ˆ 4321 CCCClargeOand  

 /(.5,.3)}/(.1,.2),/(.5,.2),/(.6,.2),{=)(ˆ 4321 CCCCaverageO  

 /(.5,.3)}/(.8,.1),/(.4,.3),/(.7,.1),{=)(ˆ 4321 CCCChugeO  

 },,,{=)(==)[,ˆ(= largelowaveragehugeCBADAEwhereEL  

 /(.5,.3)}/(.8,.1),/(.3,.5),/(.7,.1),{=)(ˆ 4321 CCCChugeLand  

 /(.4,.3)}/(.1,.4),/(.5,.2),/(.6,.3),{=)(ˆ 4321 CCCCaverageL  

 

Next consider,  

 ),ˆ(ˆ)),ˆ(ˆ),ˆ(( CHBGAF EE
 

 },,,{==)[,ˆ(ˆ),ˆ(= largelowaveragehugeBAKwhereCHKI E
 

 /(.6,.2)}/(1,0),/(.3,.5),/(.8,.1),{=)(ˆ 4321 CCCChugeIand  

 /(.4,.3)}/(.1,.5),/(.5,.3),/(.6,.3),{=)(ˆ 4321 CCCCaverageI  

 /(.4,.3)}/(0,1),/(.7,.2),/(.2,.6),{=)(ˆ 4321 CCCClowI  

 },,,{=)(==)[,ˆ(= largelowaveragehugeCBACKMwhereMJ  

 /(.5,.3)}/(.8,.1),/(.3,.5),/(.7,.1),{=)(ˆ 4321 CCCChugeJand  

 /(.4,.3)}/(.1,.5),/(.5,.3),/(.6,.3),{=)(ˆ 4321 CCCCaverageJ  

 /(.4,.3)}]/(0,1),/(.7,.2),/(.2,.6),{=)(ˆ 4321 CCCClowJ  

 

Here ),ˆ( EL  and ),ˆ( MJ  are two IFSS over the common universe where 

i) ME  

ii) )(ˆ, eLEe  is a intuitionistic fuzzy subset of )(ˆ eJ . 

),ˆ(~),ˆ( MJEL             (17) 

 

 ].~[ subsetsoftfuzzysticintuitionidenotes  
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Similarly, ),ˆ(~),ˆ( ELMJ            (18) 

Combining (17) and (18) we conclude that, ),ˆ( EL  and ),ˆ( MJ  are IFS equal. Hence the 

associative property of IFSS w.r.t extended intersection over the common universe is verified by 

this example. 

 

 

6   Associative property of FSS ( or, IFSS ) w.r.t restricted intersection over 

the common universe: 

 

Let ),
~

(),,
~

(),,
~

( CHBGAF  are three FSS ( or, IFSS ). Then we have to prove, 

 Proof:   

 )),
~

(~),
~

((~),
~

(=.. CHBGAFSHL RR
 

 )(
~~)(

~
=)(

~
,=),

~
(~),

~
(= eHeGeODeandCBDwhereDOAF R

 

 ),
~

(= EL  

 

))(
~~)(

~
(~)(

~
=)(

~~)(
~

=)(
~

,)(== eHeGeFeOeFeLEeandCBADAEwhere  

 

 

 ),
~

(~)),
~

(~),
~

((=.. CHBGAFSHR RR
 

 )](
~

)(
~

=)(
~

,=)[,
~

(~),
~

(= eGeFeIKeandBAKwhereCHKI R
 

 ),
~

(= MJ  

 where )(=)(== CBACBACKM  [ by associative property of crisp sets ] and 

Me , 

)(
~

eJ  

 )(
~~)(

~
= eHeI  

 )(
~~))(

~~)(
~

(= eHeGeF  

 ))(
~~)(

~
(~)(

~
= eHeGeF  

 ]),([ IFSorsetsfuzzyofpropertyeassociativby  

 

Now ),
~

( EL  and ),
~

( MJ  are two fuzzy soft sets (or, intuitionistic fuzzy soft set) over the 

common universe,where 

i) ME  and  

ii) )(
~

, eLEe  is a fuzzy subset (or, IF subset) of )(
~

eJ . 

),
~

( EL  is a fuzzy soft subset (or, intuitionistic fuzzy soft subset) of ),
~

( MJ  

ie., ),
~

(~),
~

( MJEL             (19) 

Again, i) EM  and 

ii) )(
~

, eJMe  is a fuzzy subset ( or, IF subset ) of )(
~

eL  
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),
~

( MJ  is a fuzzy soft subset ( or IF soft subset ) of ).,
~

( EL  

ie., ),
~

(~),
~

( ELMJ             (20) 

Combining (19) and (20) we have, ),
~

( EL  and ),
~

( MJ  are fuzzy soft equal. Hence the 

associative property of FSS w.r.t extended intersection over the common universe is verified by 

this example. 

 

6.1   Verification of this property by an example ( for FSS ): 

 Let U be the set of four ponds,say, U = },,,{ 4321 PPPP . Let A, B, C be three sets of 

parameters, given by, 

A = },{ averagehuge  

B = },,{ pooraveragehuge  

C = },{ pooraverage  

Now let (F,A) denotes  Area of the ponds, 

(G,B) denotes  Amount of water in the ponds, 

(H,C) denotes  Commercial benefit from the ponds  

given by, 

F( huge ) = /.4}/.5,/.2,/.8,{ 4321 PPPP  

F( average ) = /.7}/.9,/.2,/.3,{ 4321 PPPP  

G( huge ) = /.5}/.4,/.1,/.7,{ 4321 PPPP  

G( average ) = /.6}/.8,/.3,/.4,{ 4321 PPPP  

G( poor ) = /.4}/.8,.6,/.2,{ 4321 PPPP  

H( average ) = /.7}/.7,/.3,/.2,{ 4321 PPPP  

H( poor ) = /.5}/.8,.7,/.3,{ 4321 PPPP  

 

Now consider,  

 )),
~

(~),
~

((~),
~

( CHBGAF RR
 

 },{==)[,
~

(~),
~

(= pooraverageCBDwhereDOAF R
 

 /.6}/.7,/.3,/.2,{=)(
~

4321 PPPPaverageOand  

 /.4}]/.8,.6,/.2,{=)(
~

4321 PPPPpoorO  

 }{==),
~

(= averageDAEwhereEL  

 /.6}/.7,/.2,/.2,{=)(
~

4321 PPPPaverageLand  

 

Next consider,  

 ),
~

(~)),
~

(~),
~

(( CHBGAF RR  

 },{==)[,
~

(~),
~

(= averagehugeBAKwhereCHKI R
 

 /.4},/.4,/.1,/.7,{=)(
~

4321 PPPPhugeIand  

 /.6},/.8,/.2,/.3,{=)(
~

4321 PPPPaverageI  

 }{==)[,
~

(= averageCKMwhereMJ  
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 /.6}]/.7,/.2,/.2,{=)(
~

4321 PPPPaverageJand  

 

Here ),
~

( EL  and ),
~

( MJ  are two FSS which satisfy the following properties, 

i) ME and 

ii) )(
~

, eLEe  is a fuzzy subset of )(
~

eJ . 

),
~

(~),
~

( MJEL             (21) 

Similarly, ),
~

(~),
~

( ELMJ             (22) 

Combining (21) and (22) we have, ),
~

( EL  and ),
~

( MJ  are fuzzy soft equal. Hence the 

associative property of FSS w.r.t restricted intersection over the common universe is verified by 

this example. 

 

6.2   Verification of this property by an example (for IFSS): 

 

Consider example 3.2. 

F̂ ( huge ) = /(.6,.2)}/(1,0),/(.3,.5),/(.8,.1),{ 4321 CCCC   

F̂ ( average ) = /(.4,.2)}/(.2,.4),/(.8,.2),/(.6,.3),{ 4321 CCCC   

F̂ ( low ) = /(.4,.3)}/(0,1),/(.7,.2),/(.2,.6),{ 4321 CCCC  

Ĝ ( large ) = /(.5,.2)}/(.9,.1),/(.8,.1),/(.4,.3),{ 4321 CCCC  

Ĝ ( average ) = /(.6,.3)}/(.1,.5),/(.5,.3),/(.7,.2),{ 4321 CCCC  

Ĥ ( huge ) = /(.5,.3)}/(.8,.1),/(.4,.3),/(.7,.1),{ 4321 CCCC  

Ĥ ( average ) = /(.5,.4)}/(.3,.6),/(.7,.2),/(.6,.2),{ 4321 CCCC  

Now consider,  

 )),ˆ(ˆ),ˆ((ˆ),ˆ( CHBGAF RR
 

 }{==)[,ˆ(ˆ),ˆ(= averageCBDwhereDOAF R
 

 /(.5,.4)}/(.1,.6),/(.5,.3),/(.6,.2),{=)(ˆ 4321 CCCCaverageOand  

 }{=)(==)[,ˆ(= averageCBADAEwhereEL  

 /(.4,.4)}]/(.1,.6),/(.5,.3),/(.6,.3),{=)(ˆ 4321 CCCCaverageLand  

 

Next consider,  

 ),ˆ(ˆ)),ˆ(ˆ),ˆ(( CHBGAF RR
 

 }{==)[,ˆ(ˆ),ˆ(= averageBAKwhereCHKI R
 

 /(.4,.3)}/(.1,.5),/(.5,.3),/(.6,.3),{=)(ˆ 4321 CCCCaverageIand  

 }{=)(==)[,ˆ(= averageCBACKMwhereMJ  

 /(.4,.4)}]/(.1,.6),/(.5,.3),/(.6,.3),{=)(ˆ 4321 CCCCaverageJand  

 

Here ),ˆ( EL  and ),ˆ( MJ  are two IFSS over the common universe where 
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i) ME  

ii) )(ˆ, eLEe  is a intuitionistic fuzzy subset of )(ˆ eJ . 

),ˆ(~),ˆ( MJEL             (23) 

[ ~  denotes intuitionistic fuzzy soft subset] 

Similarly, ),ˆ(~),ˆ( ELMJ             (24) 

Combining (23) and (24) we conclude that, ),ˆ( EL  and ),ˆ( MJ  are IFS equal.Hence the 

associative property of IFSS w.r.t restricted intersection over the common universe is verified by 

this example. 

 

 

7   Distributive property of extended union of FSS (or, IFSS) w.r.t extended 

intersection over the common universe may not hold: 

 

 

7.1   Verification of this statement by two examples : 

 

  Example 7.1: 

Let U be the set of four cities, say, U = },,,{ 4321 CCCC . Let A,B,C be three sets of 

parameters,given by, 

A = },,{ lowaveragehuge  

B = },{ averagelarge  

C = },{ averagehuge  

Now let ),
~

( AF  denotes  population of the cities, 

),
~

( BG  denotes  area of the cities, 

),
~

( CH  denotes  pollution in the cities. 

given by, 

F
~

( huge ) = /.6}/1,/.3,/.8,{ 4321 CCCC  

F
~

( average ) = /.4}/.2,/.8,/.6,{ 4321 CCCC  

F
~

( low ) = /.4}/0,/.7,/.2,{ 4321 CCCC  

G
~

( large ) = /.5}/.9,/.8,/.4,{ 4321 CCCC  

G
~

( average ) = /.4}/.2,/.8,/.7,{ 4321 CCCC  

H
~

( huge ) = /.5}/.9,/.2,/.7,{ 4321 CCCC  

H
~

( average ) = /.3}/.1,/.7,/.5,{ 4321 CCCC  

Now consider,  

 )),
~

(~),
~

((~),
~

( CHBGAF EE  

 },,{==[),,
~

(~),
~

(= hugeaveragelargeCBDwhereDOAF E
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 /.5}/.9,/.8,/.4,{=)(
~

4321 CCCClargeOand  

 /.3}/.1,/.7,/.5,{=)(
~

4321 CCCCaverageO  

 /.5}/.9,/.2,/.7,{=)(
~

4321 CCCChugeO  

 },,,{=)(==)[,
~

(= lowhugeaveragelargeCBADAEwhereEL  

 /.5}/.9,/.8,/.4,{=)(
~

4321 CCCClargeLand  

 /.4}/.2,/.8,/.6,{=)(
~

4321 CCCCaverageL  

 /.6}/1,/.3,/.8,{=)(
~

4321 CCCChugeL  

 /.4}]/0,/.7,/.2,{=)(
~

4321 CCCClowL  

 

Next consider,  

 )),
~

(~),
~

((~)),
~

(~),
~

(( CHAFBGAF EEE
 

 },,,,{==)[,
~

(~),
~

(= largelowaveragehugeBAKwhereMJKI E
 

 },,{== lowaveragehugeCAM  

 /.6}/1,/.3,/.8,{=)(
~

4321 CCCChugeI  

 /.4}/.2,/.8,/.7,{=)(
~

4321 CCCCaverageI  

 /.4}/0,/.7,/.2,{=)(
~

4321 CCCClowI  

 /.5},/.9,/.8,/.4,{=)(
~

4321 CCCClargeI  

 /.6}/1,/.3,/.8,{=)(
~

4321 CCCChugeJand  

 /.4}/.2,/.8,/.6,{=)(
~

4321 CCCCaverageJ  

 /.4}]/0,/.7,/.2,{=)(
~

4321 CCCClowJ  

 andlowhugeaveragelargeMKPwherePN },,,{==)[,
~

(=  

 /.5},/.9,/.8,/.4,{=)(
~

4321 CCCClargeN  

 /.4}/.2,/.8,/.6,{=)(
~

4321 CCCCaverageN  

 /.6}/1,/.3,/.8,{=)(
~

4321 CCCChugeN  

 /.4}/.7,/.2,{=)(
~

421 CCClowN  

 

Here it is clear that ),
~

( EL  is a FS subset of ),
~

( PN  and viceversa.Therefore ),
~

( EL  and 

),
~

( PN  are two equal FSS. 

Therefore here )),
~

(~),
~

((~)),
~

(~),
~

((=)),
~

(~),
~

((~),
~

( CHAFBGAFCHBGAF EEEEE . 

Hence the distributive property of FSS w.r.t union over the common universe holds in this 

example. 

  Example 7.2:  

Let U be the set of four dresses, say, U = },,,{ 4321 dddd . Let A,B,C be three sets of 

parameters,given by, 

A = },{ cheaphigh  
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B = },,{ assuredcheaphigh  

C = },{ assuredhigh  

Now let ),
~

( AF  denotes  cost of the dresses, 

),
~

( BG  denotes  quality of the dresses, 

),
~

( CH  denotes  attractiveness of the dresses, 

given by, 

F
~

( high ) = /.6}/.2,/.5,/.8,{ 4321 dddd  

F
~

( cheap ) = /.5}/.4,/.3,/.2,{ 4321 dddd  

G
~

( high ) = /.5}/.4,/.3,/.8,{ 4321 dddd  

G
~

( cheap ) = /.6}/.3,/.4,/.1,{ 4321 dddd  

G
~

( assured ) = /.7}/.3,/.5,/.9,{ 4321 dddd  

H
~

( high ) = /.8}/.7,/.5,/.3,{ 4321 dddd  

H
~

( assured ) = /.8}/.8,/.5,/.2,{ 4321 dddd  

Now consider,  

 )),
~

(~),
~

((~),
~

( CHBGAF EE
 

 },,{==)[,
~

(~),
~

(= assuredcheaphighCBDwhereDOAF E
 

 /.8}/.7,/.5,/.3,{=)(
~

4321 ddddhighOand  

 /.6}/.3,/.4,/.1,{=)(
~

4321 ddddcheapO  

 /.7}]/.3,/.5,/.2,{=)(
~

4321 ddddassuredO  

 },,{=)(==),
~

(= assuredcheaphighCBADAEwhereEL  

 /.8}/.7,/.5,/.8,{=)(
~

4321 ddddhighLand  

 /.6}/.4,/.4,/.2,{=)(
~

4321 ddddcheapL  

 /.7}/.3,/.5,/.2,{=)(
~

4321 ddddassuredL  

 

Next consider,  

 )),
~

(~),
~

((~)),
~

(~),
~

(( CHAFBGAF EEE
 

 },,,{==)[,
~

(~),
~

(= assuredcheaphighBAKwhereMJKI E
 

 },,{== assuredcheaphighCAM  

 /.6}/.4,/.5,/.8,{=)(
~

4321 ddddhighI  

 /.6}/.4,/.4,/.2,{=)(
~

4321 ddddcheapI  

 /.7}/.3,/.5,/.9,{=)(
~

4321 ddddassuredI  

 /.8}/.7,/.5,/.8,{=)(
~

4321 ddddhighJand  

 /.5}/.4,/.3,/.2,{=)(
~

4321 ddddcheapJ  

 /.8}]/.8,/.5,/.2,{=)(
~

4321 ddddassuredJ  
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 },,{==)[,
~

(= assuredcheaphighMKPwherePN  

 /.6}/.4,/.5,/.8,{=)(
~

4321 ddddhighNand  

 /.5}/.4,/.3,/.2,{=)(
~

4321 ddddcheapN  

 /.7}]/.3,/.5,/.2,{=)(
~

4321 ddddassuredN  

 

Now since ),
~

( EL  and ( ),
~

PN  are two different fuzzy soft sets therefore here 

)),
~

(~),
~

((~)),
~

(~),
~

(()),
~

(~),
~

((~),
~

( CHAFBGAFCHBGAF EEEEE
 

Hence the distributive property of extended union of FSS w.r.t extended intersection over 

the common universe does not hold in this example. 

 

 

8   Distributive property of restricted union of FSS ( or, IFSS ) w.r.t 

restricted intersection over the common universe: 

 

Let ( ),
~

(),,
~

(),,
~

CHBGAF  are three FSS( or, IFSS ). Then we have to prove, 

)),
~

(~),
~

((~),
~

( CHBGAF RR
 = )),

~
(~),

~
((~)),

~
(~),

~
(( CHAFBGAF RRR

. 

Proof: 

 

 )),
~

(~),
~

((~),
~

(=... CHBGAFSHL RR
 

 )],(
~~)(

~
=)(

~
,=)[,

~
(~),

~
(= eHeGeODeandCBDwhereDOAF R

 

 andCBADAEwhereEL ==),
~

(=  

 

CBAeeHeGeFeL )),(
~~)(

~
(~)(

~
=)(

~
. 

 

 )),
~

(~),
~

((~)),
~

(~),
~

((=... CHAFBGAFSHR RRR
 

 KwhereMJKI R )[,
~

(),
~

(=  

 

]),(~)(
~

=)(
~

),(
~~)(

~
=)(

~
,=,= CAeeHeFeJandBAeeGeFeICAMBA  

 ),
~

(= PN  

 where P = CBACABAMK =)()(=  

and CBAeeJeIeN ),(
~~)(

~
=)(

~
 

ie., N(e)  

 ))(
~~)(

~
(~))(

~~)(
~

(= eHeFeGeF  

 

])([)),(
~~)(

~
(~)(

~
= IFSorFSofpropertyvedistributithebyCBAeeHeGeF  

 

Here( ),
~

EL  and ),
~

( PN  are two FSS ( or IFSS ) which satisfy, 
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i) PE  and 

ii) )(
~

, eLEe  is a fuzzy subset ( or intuitiontionistic fuzzy subset ) of )(
~

eJ . 

),
~

(~),
~

( PNEL             (25) 
~[  denotes FS( or IFS ) subset] 

Similarly, we can prove, ),
~

(~),
~

( ELPN             (26) 

Combining (25) and (26) we get, ( ),
~

EL  and ( ),
~

PN  are two equal FSS ( or IFSS ) over 

the common universe. Hence proved. 

 

8.1   Verification of this property by an example (for FSS): 

 

Consider example 7.1. Now consider,  

 )),
~

(~),
~

((~),
~

( CHBGAF RR
 

 }{==[),,
~

(~),
~

(= averageCBDwhereDOAF R
 

 /.3}/.1,/.7,/.5,{=)(
~

4321 CCCCaverageOand  

 }{=)(==)[,
~

(= averageCBADAEwhereEL  

 /.4}]/.2,/.8,/.6,{=)(
~

4321 CCCCaverageLand  

 

Next consider,  

 )),
~

(~),
~

((~)),
~

(~),
~

(( CHAFBGAF RRR
 

 },{==)[,
~

(~),
~

(= averageBAKwhereMJKI R
 

 }{== averageCAM  

 /.4}/.2,/.8,/.7,{=)(
~

4321 CCCCaverageI  

 /.4}/.2,/.8,/.6,{=)(
~

4321 CCCCaverageJand  

 andaverageMKPwherePN }{==)[,
~

(=  

 /.4}]/.2,/.8,/.6,{=)(
~

4321 CCCCaverageN  

 

Clearly, ),
~

( EL  and ),
~

( MJ  are fuzzy soft equal. Hence the distributive property of 

restricted union of FSS ( or, IFSS ) w.r.t restricted intersection over the common universe is 

verified by this example. 

 

8.2   Verification of this property by an example ( for IFSS ): 

 

Let U be the set of four dresses, say, U = },,,{ 4321 dddd . Let A,B,C be three sets of 

parameters, given by, 

A = },{ cheaphigh  

B = },,{ assuredcheaphigh  

C = },{ assuredhigh  

Now let ),
~

( AF  denotes  cost of the dresses, 
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),
~

( BG  denotes  quality of the dresses, 

),
~

( CH  denotes  attractiveness of the dresses, 

given by, 

F
~

( high ) = /(.6,.3)}/(.2,.4),/(.5,.2),,1),/(.8,{ 4321 dddd  

F
~

( cheap ) = /(.5,.3)}/(.4,.3),/(.3,.3),/(.2,.7),{ 4321 dddd  

G
~

( high ) = /(.5,.3)}/(.4,.3),/(.3,.6),/(.8,.1),{ 4321 dddd  

G
~

( cheap ) = /(.6,.2)}/(.3,.7),/(.4,.3),/(.1,.7),{ 4321 dddd  

G
~

( assured ) = /(.7,.2)}/(.3,.5),/(.5,.3),/(.9,.1),{ 4321 dddd  

H
~

( high ) = /(.8,.1)}/(.7,.2),/(.5,.2),/(.3,.5),{ 4321 dddd  

H
~

( assured ) = /(.8,0)}/(.8,.1),/(.5,.3),/(.2,.6),{ 4321 dddd  

Now consider,  

 )),ˆ(ˆ),ˆ((ˆ),ˆ( CHBGAF RR
 

 },{==[),,ˆ(ˆ),ˆ(= assuredhighCBDwhereDOAF R
 

 /(.5,.3)}/(.4,.3),/(.3,.6),/(.3,.5),{=)(ˆ 4321 SSddhighOand  

 /(.7,.2)}]/(.3,.5),/(.5,.3),/(.2,.6),{=)(ˆ 4321 ddddassuredO  

 }{=)(==),ˆ(= highCBADAEwhereEL  

 /(.6,.3)}/(.4,.3),/(.5,.2),/(.8,.1),{=)(ˆ 4321 ddddhighLand  

 

Next consider,  

 )),ˆ(~),ˆ((~)),ˆ(~),ˆ(( CHAFBGAF RRR
 

 },,{==)[,ˆ(~),ˆ(= cheaphighBAKwhereMJKI R
 

 },{== assuredhighCAM  

 /(.6,.3)}/(.4,.3),/(.5,.2),/(.8,.1),{=)(ˆ 4321 ddddhighI  

 /(.6,.2)}/(.4,.3),/(.4,.3),/(.2,.7),{=)(ˆ 4321 ddddcheapI  

 /(.8,.1)}/(.7,.2),/(.5,.2),/(.8,.1),{=)(ˆ 4321 ddddhighJand  

 /(.8,0)}]/(.8,.1),/(.5,.3),/(.2,.6),{=)(ˆ 4321 ddddassuredJ  

 }{==)[,ˆ(= highMKPwherePN  

 /(.6,.3)}]/(.4,.3),/(.5,.2),/(.8,.1),{=)(ˆ
4321 ddddhighNand  

 

Now since ),ˆ( EL  is an intuitionistic fuzzy soft subset of ( ),ˆ PN  and vice-versa, therefore 

),ˆ( EL  and ),ˆ( PN  are two equal IFSS.Hence the distributive property of restricted union of IFSS 

w.r.t restricted intersection over the common universe is verified by this example. 

 

9   Distributive property of extended intersection w.r.t extended union over 

the common universe may not hold for all FSS ( or IFSS ): 
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  Verification of this statement by two examples : 

  Example 9.1:  
Consider the example 7.1. Now consider,  

 )),
~

(~),
~

((~),
~

( CHBGAF EE
 

 },,{==[),,
~

(~),
~

(= hugeaveragelargeCBDwhereDOAF E
 

 /.5}/.9,/.8,/.4,{=)(
~

4321 CCCClargeOand  

 /.4}/.2,/.8,/.7,{=)(
~

4321 CCCCaverageO  

 /.6}/1,/.3,/.8,{=)(
~

4321 CCCChugeO  

 },,,{=)(==)[,
~

(= lowhugeaveragelargeCBADAEwhereEL  

 /.5}/.9,/.8,/.4,{=)(
~

4321 CCCClargeLand  

 /.4}/.2,/.8,/.6,{=)( 4321 CCCCaverageL  

 /.6}/1,/.3,/.8,{=)(
~

4321 CCCChugeL  

 /.4}]/0,/.7,/.2,{=)(
~

4321 CCCClowL  

 

Next consider,  

 )),
~

(~),
~

((~)),
~

(~),
~

(( CHAFBGAF EEE
 

 },,,,{==)[,
~

(~),
~

(= largelowaveragehugeBAKwhereMJKI E
 

 },,{== lowaveragehugeCAM  

 /.6}/1,/.3,/.8,{=)(
~

4321 CCCChugeI  

 /.4}/.2,/.8,/.6,{=)(
~

4321 CCCCaverageI  

 /.4}/0,/.7,/.2,{=)(
~

4321 CCCClowI  

 /.5},/.9,/.8,/.4,{=)(
~

4321 CCCClargeI  

 /.6}/1,/.3,/.8,{=)(
~

4321 CCCChugeJand  

 /.4}/.2,/.8,/.6,{=)(
~

4321 CCCCaverageJ  

 /.4}]/0,/.7,/.2,{=)(
~

4321 CCCClowJ  

 andlargelowaveragehugeMKPwherePN },,,{==)[,
~

(=  

 /.6}/1,/.3,/.8,{=)(
~

4321 CCCChugeN  

 /.4}/.2,/.8,/.6,{=)(
~

4321 CCCCaverageN  

 /.4}/.7,/.2,{=)(
~

421 CCClowN  

 /.5},/.9,/.8,/.4,{=)(
~

4321 CCCClargeN  

 

Here it is clear that ),
~

( EL  is a FS subset of ),
~

( PN  and viceversa.Therefore ),
~

( EL  and 

),
~

( PN  are two equal FSS. Hence the distributive property of extended intersection w.r.t extended 

union over the the common universe holds for these fuzzy soft sets. 
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  Example 9.2: 
Consider the example 8.2. Now consider,  

 )),ˆ(ˆ),ˆ((ˆ),ˆ( CHBGAF EE
 

 },,{==[),,ˆ(ˆ),ˆ(= assuredcheaphighCBDwhereDOAF E
 

 /(.8,.1)}/(.7,.2),/(.5,.2),/(.8,.1),{=)(ˆ 4321 ddddhighOand  

 /(.6,.2)}/(.3,.7),/(.4,.3),/(.1,.7),{=)(ˆ 4321 ddddcheapO  

 /(.8,0)}]/(.8,.1),/(.5,.3),/(.9,.1),{=)(ˆ 4321 ddddassuredO  

 },,{=)(==)[,ˆ(= assuredcheaphighCBADAEwhereEL  

 /(.6,.3)}/(.2,.4),/(.5,.2),/(.8,.1),{=)(ˆ 4321 ddddhighLand  

 /(.5,.3)}/(.3,.2),/(.4,.3),/(.1,.6),{=)(ˆ 4321 ddddcheapL  

 /(.8,0)}]/(.8,.1),/(.5,.3),/(.9,.1),{=)(ˆ 4321 ddddassuredL  

 

Next consider,  

 )),ˆ(ˆ),ˆ((ˆ)),ˆ(ˆ),ˆ(( CHAFBGAF EEE
 

 },,,{==)[,ˆ(ˆ),ˆ(= assuredcheaphighBAKwhereMJKI E
 

 },,{== assuredcheaphighCAM  

 /(.5,.3)}/(.2,.4),/(.3,.6),/(.8,.1),{=)(ˆ 4321 ddddhighI  

 /(.5,.3)}/(.3,.7),/(.3,.3),/(.1,.7),{=)(ˆ 4321 ddddcheapI  

 /(.7,.2)}/(.3,.5),/(.5,.3),/(.9,.1),{=)(ˆ 4321 ddddassuredI  

 /(.6,.3)}/(.2,.4),/(.5,.2),/(.3,.5),{=)(ˆ 4321 ddddhighJand  

 /(.5,.3)}/(.4,.3),/(.3,.3),/(.2,.7),{=)(ˆ 4321 ddddcheapJ  

 /(.8,0)}]/(.8,.1),/(.5,.3),/(.2,.6),{=)(ˆ 4321 ddddassuredJ  

 },,{==)[,ˆ(= assuredcheaphighMKPwherePN  

 /(.6,.3)}/(.2,.4),/(.5,.2),/(.8,.1),{=)(ˆ
4321 ddddhighNand  

 /(.5,.3)}/(.4,.3),/(.3,.3),/(.2,.7),{=)(ˆ
4321 ddddcheapN  

 /(.8,0)}]/(.8,.1),/(.5,.3),/(.9,.1),{=)(ˆ
4321 ddddassuredN  

 

Now since ),ˆ( EL  and ( ),ˆ PN  are two different intuitionistic fuzzy soft sets therefore here 

)),ˆ(ˆ),ˆ((ˆ)),ˆ(ˆ),ˆ(()),ˆ(ˆ),ˆ((ˆ),ˆ( CHAFBGAFCHBGAF EEEEE
. 

Hence the distributive property of extended intersection w.r.t extended union over the 

common universe does not hold for these intuitionistic fuzzy soft sets. 

 

 

10   Distributive property of restricted intersection of FSS ( or, IFSS ) w.r.t 

restricted union over the common universe: 
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Let ( ),
~

(),,
~

(),,
~

CHBGAF  are three FSS(or, IFSS). Then we have to prove,  

)),
~

(~),
~

((~),
~

( CHBGAF RR
 = )),

~
(~),

~
((~)),

~
(~),

~
(( CHAFBGAF RRR

. 

Proof:  

 )),
~

(~),
~

((~),
~

(=... CHBGAFSHL RR
 

 )](
~~)(

~
=)(

~
,=)[,

~
(~),

~
(= eHeGeODeandCBDwhereDOAF R

 

  

 andCBADAEwhereEL )(==),
~
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CBAeeHeGeFeL )),(
~~)(

~
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~
=)(

~
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~
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~

((~)),
~
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~

((=... CHAFBGAFSHR RRR
 

 KwhereMJKI R )[,
~
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~

(=  

 

]),(
~~)(

~
=)(

~
),(

~~)(
~

=)(
~

,=,= CAeeHeFeJandBAeeGeFeICAMBA  

 ),
~

(= PN  

 where P = )(=)()(= CBACABAMK [ by the distributive property of crisp sets]. 

and )(),(
~~)(

~
=)(

~
CBAeeJeIeN  

 

 ))(
~~)(

~
(~))(

~~)(
~

(=)(
~

., eHeFeGeFeNie  

 )()),(
~~)(

~
(~)(

~
= CBAeeHeGeF  

 

[by the distributive property of FS( or, IFS )]. 

Here( ),
~

EL  and ),
~

( PN  are two FSS ( or IFSS ) which satisfy, 

i) PE  and 

ii) )(
~

, eLEe  is a fuzzy subset ( or intuitiontionistic fuzzy subset ) of )(
~

eJ . 

),
~

(~),
~

( PNEL             (27) 

[ ~  denotes FS( or IFS ) subset]. 

Similarly, we can prove, ),
~

(~),
~

( ELPN             (28) 

Combining (27) and (28) we get, ( ),
~

EL  and ( ),
~

PN  are two equal FSS ( or IFSS ) over 

the common universe. Hence proved. 

 

10.1  Verification of this property by an example( for FSS ): 

 

Consider the example 7.1. 

Now consider,  

 )),
~

(~),
~

((~),
~

( CHBGAF RR
 

 }{==[),,
~

(~),
~

(= averageCBDwhereDOAF R
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 /.4}]/.2,/.8,/.7,{=)(
~

4321 CCCCaverageOand  

 }{=)(==)[,
~

(= averageCBADAEwhereEL  

 /.4}]/.2,/.8,/.6,{=)(
~

4321 CCCCaverageLand  

 

Next consider,  

 )),
~

(~),
~

((~)),
~

(~),
~

(( CHAFBGAF RRR
 

 },{==)[,
~

(~),
~

(= averageBAKwhereMJKI R
 

 },{== averagehugeCAM  

 /.4}/.2,/.8,/.6,{=)(
~

4321 CCCCaverageI  

 /.6}/1,/.3,/.8,{=)(
~

4321 CCCChugeJand  

 /.4}]/.2,/.8,/.6,{=)(
~

4321 CCCCaverageJ  

 andaverageMKPwherePN }{==)[,
~

(=  

 /.4}]/.2,/.8,/.6,{=)(
~

4321 CCCCaverageN  

 

Now since ),
~

( EL  is an fuzzy soft subset of ( ),
~

PN  and vice-versa,therefore ),
~

( EL  and 

),
~

( PN  are two equal FSS. Hence the distributive property of restricted intersection of FSS w.r.t 

restricted union over the common universe is verified by this example. 

 

10.2  Verification of this property by an example (for IFSS): 

 

Consider the example 8.2. Now consider,  

 )),ˆ(ˆ),ˆ((ˆ),ˆ( CHBGAF RR
 

 },{==)[,ˆ(ˆ),ˆ(= assuredhighCBDwhereDOAF R
 

 /(.8,.1)}/(.7,.2),/(.5,.2),/(.8,.1),{=)(ˆ 4321 ddddhighOand  

 /(.8,0)}]/(.8,.1),/(.5,.3),/(.9,.1),{=)(ˆ 4321 ddddassuredO  

 }{=)(==)[,ˆ(= highCBADAEwhereEL  

 /(.6,.3)}]/(.2,.4),/(.5,.2),/(.8,.1),{=)(ˆ 4321 ddddhighLand  

 

Next consider,  

 )),ˆ(ˆ),ˆ((ˆ)),ˆ(ˆ),ˆ(( CHAFBGAF RRR
 

 },,{==)[,ˆ(ˆ),ˆ(= cheaphighBAKwhereMJKI R
 

 }{== highCAM  

 /(.5,.3)}/(.2,.4),/(.3,.6),/(.8,.1),{=)(ˆ 4321 ddddhighI  

 /(.5,.3)}/(.3,.7),/(.3,.3),/(.1,.7),{=)(ˆ 4321 ddddcheapI  

 /(.6,.3)}]/(.2,.4),/(.5,.2),/(.3,.5),{=)(ˆ 4321 ddddhighJand  

 }{==)[,ˆ(= highMKPwherePN  
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 /(.6,.3)}]/(.2,.4),/(.5,.2),/(.8,.1),{=)(ˆ
4321 ddddhighNand  

 

Now since ),ˆ( EL  is an intuitionistic fuzzy soft subset of ( ),ˆ PN  and vice-versa,therefore 

),ˆ( EL  and ),ˆ( PN  are two equal IFSS. Hence the distributive property of restricted intersection 

of IFSS w.r.t restricted union over the common universe is verified by this example. 

 

 
11   Conclusion:  

For handling real life ambiguous situations we need to have methodologies which provide 

some form or other flexible information processing capacity. The soft set theory of Maji [ 18 ] 

offers the associative and distributive properties ( w.r.t. union and intersection ) of soft sets over 

the common universe. As a tentative and partial attempt towards a further development in this 

paper we proved the same properties for fuzzy soft sets and intuitionistic fuzzy soft sets with 

respect to some new operations and verified these properties by appropriate numerical examples. 

These properties may be used in real life problems, like decision making problem, inventory 

Control problem, etc. 
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